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The hydrodynamic and thermal characteristics of a freely-vibrating circular cylinder in mixed convection flow are nu-
merically investigated at low Reynolds numbers. The numerical investigations are conducted for a range of parameters,
2.0 ≤Ur ≤ 10.0, 0.7 ≤ Pr ≤ 10.0 and 0.5 ≤ Ri ≤ 2.0. On the other hand, the Reynolds number and structural coeffi-
cients are fixed at Re = 100, m∗ = 10.0 and ζ = 0.01. The structural responses and onset of vortex-induced vibration
(VIV) are documented for various environments, e.g., different reduced velocity, Prandtl numbers and Richardson
numbers. On the other hand, the influence of structural dynamics on the heat transfer over a heated circular cylinder
is recorded and discussed as well. A secondary VIV lock-in region is found in the cases of high Richardson number
Ri = 2.0 for high Ur values, in which the buoyancy-driven flow is non-trivial. A wide VIV lock-in region is formed
with tremendous energy transfer between fluid and structure, which is extremely meaningful for hydropower harvest-
ing. The influences of Prandtl and Richardson numbers on the hydrodynamics, structural dynamics and heat transfer
are discussed in detail. The temperature contours are found concentrating around cylinder’s surface in the cases of
high Prandtl numbers, which are also associated with high Nu values. The influence on heat convection over cylinder’s
surface is quantified via the calculation of mean Nusselt number and its fluctuation for different circumstances. The
energy transfer coefficient is employed to quantify the energy transfer between fluid and structure in mixed convection
flow. The phase angle difference between the transverse displacement and lift force is used to support the discussions
of energy transfer. A stabilized finite element formulation in Arbitrary Lagrangian-Eulerian description is derived to
simulate the fluid and structural dynamics in mixed convection flow. The obtained numerical results match well with
literature and the established empirical formula. To the knowledge of the author, this is the first time that the hydrody-
namic, structural and thermal characteristics of a freely-vibrating circular cylinder in mixed convection flow subjecting
to transverse buoyancy force are reported.
I. INTRODUCTION
Thermo-physical property in fluid convection arises in
many fields of science and engineering, e.g., nuclear reac-
tors, turbine engines, fuel cells, solar energy collectors, ther-
mal power plants and life science research. The conservation
equations describing the energy transportation in fluid were
well developed1–3 a prior. The energy flux imposes temper-
ature gradients in the fluid system and influences the neigh-
borhood fluid dynamics. Although a number of analytical so-
lutions for conduction heat transfer problems are available4,5,
in many practical circumstances, the geometry and boundary
conditions are so complicated that an analytical solution is im-
possible. Hence, the numerical solutions were sought-after by
the research scientists to explore the subtle physics in thermo-
fluids6–10.
In many engineering applications, the flow over a circular
cylinder is a canonical form used to acquire the fundamental
understanding of fluid dynamics and heat transfer. In contrast
to the iso-thermal fluid flow, the natural convection compo-
nent could perturb the neighborhood flow field and induces
complicated flow regimes in wake. In 1990, Biswas et. al.
(1990)11 documented unsteady mixed convection heat trans-
fer over a square obstacle in a horizontal channel. Their re-
sults shown that the mixed convection can initiate periodic-
ity and asymmetry in the wake at low Reynolds numbers, in
a)Electronic mail: a0098961@u.nus.edu
contrast to the forced convection flow. Sanitjai & Goldstein
(2004)12 investigated the thermal characteristics over a rigid
cylinder in forced convection flow for 2×103 < Re< 9×104
and 7< Pr< 176. More recently, Juncu (2007)13 numerically
investigated the heat transfer characteristics in the forced con-
vection flow over two tandem cylinder for 1 < Re < 30 and
0.1 < Pr < 100. It was reported that the heat transfer charac-
teristics for the evolution of the system for RePr > 1 is com-
pletely different than that of RePr < 1. For a heated cylinder,
it was found by Biswas & Sarkar (2009)14 that hydrodynamic
instabilities grow and flow becomes unsteady periodic if the
fluid is severely influenced by thermal buoyancy.
In the previous studies, the primary focus is the thermal
characteristics in flow over a stationary cylinder. However,
the intensive structural motions in fluid flow has a tremendous
influence on the hydrodynamics in fluid-structure interaction
(FSI) problems. In iso-thermal and incompressible flow, many
well-documented numerical investigations15–21 had been pub-
lished to assess the complex coupling of fluid and structural
dynamics. Furthermore, in multi-body systems, e.g., side-by-
side22–25, tandem26,27, near-wall28–30 or array31,32 configura-
tions, the interference could be extremely complex and subtly
linked with hydrodynamic instabilities. However, the thermal
effect of fluid flow is missed in these studies, which is key
parameter in many engineering applications. It is well docu-
mented by scientists that the heat energy transfer in convection
flow has an enormous impact to hydrodynamic stabilities33–36.
Recently, Kan et. al. (2020)37 conducted an excellent nu-
merical investigation for a freely-vibrating square cylinder in
forced convection flow. Yang et. al. (2020)38 also docu-
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Nomenclature
g gravitational acceleration vector Nu Nusselt number
Pr Prandtl number (= να ) Gr Grashof number (=
gβ (TH−TC)D3
ν2 )
Ra Rayleigh number ( gβ (TH−TC)D
3
αν = GrPr) Re Reynolds number (=
U∞D
ν )
ν kinematic viscosity α thermal diffusivity
β volumetric thermal expansion coefficient ρ0 reference fluid density
cp constant pressure specific heat q surface heat flux
Ri Richardson number (= GrRe2 =
Ra
Re ) h surface traction vector
u fluid velocity vector p pressure
u∗ dimensionless fluid velocity vector p∗ dimensionless pressure
T temperature θ dimensionless temperature
x∗ dimensionless coordinates τ dimensionless time
m∗ mass ratio ζ damping ratio
fn structural frequency vector Ur reduced velocity
fvs vortex shedding frequency St Strouhal number
Ax dimensionless streamwise vibration amplitude Ay dimensionless transverse vibration amplitude
D characteristic length (cylinder’s diameter) U∞ freestream velocity
Φ∗ dimensionless location of structure η∗ dimensionless displacement of structure
u∗m dimensionless mesh velocity vector ω spanwise vorticity
Cd drag coefficient Cl lift coefficient
Ce energy transfer coefficient H dimensionless height of computational domain
Lu dimensionless upstream distance Ld dimensionless downstream distance
mented a study of freely-vibrating circular cylinder in forced
convection flow. In this article, we are very interested in the
effect of buoyancy force on the momentum transportation in
mixed convection flow, where the Navier-Stokes and energy
equations are strongly coupled via Boussinesq approximation.
Furthermore, the hydrodynamic responses of a square cylin-
der are significantly different from a circular cylinder, due
to the fixed separation points of boundary layers and the oc-
currence of galloping in the post VIV lock-in. Particularly,
we would like to know more about the relationship between
mixed convection flow, and the fluid and structure stabilities.
To this end, in this article we investigate the hydrodynamic
and thermal characteristics for flow over a freely-vibrating cir-
cular cylinder subjecting to transverse buoyancy-driven flow.
To the knowledge of author, it has not been reported in litera-
ture previously. Hence the primary focuses in this article are
to address the following questions:
• How does the structural dynamics accommodate itself
in mixed convection flow, e.g., the response of VIV
lock-in?
• What is the influence of structural dynamics on the heat
transfer over a vibrating cylinder?
• How does the thermal effect interfere the kinetic energy
transfer between fluid and structure?
In particular, the energy transfer between fluid and structure
is a primary concern in hydropower harvesting. Liu & Jaiman
(2018)39 found that the maximum energy transfer occurs at
about 90◦ phase angle difference between the lift force and
transverse vibration during VIV lock-in. For 90◦ phase angle
difference, the transverse motion acquires the maximum ac-
celeration from the lift force. In contrast, the energy transfer
are almost suppressed during pre and post lock-in regions for
a vibrating cylinder in isothermal flow39. In this article, we
noticed a secondary VIV lock-in region and the correspond-
ing enhanced energy transfer for a vibrating cylinder in mixed
convection flow. The maximum energy transfer is again con-
firmed for phase angle difference at 90◦ in the current investi-
gation.
It is known that buoyancy-driven flow is created by strong
temperature gradients in a fluid flow field, which occurs in
common flow situations. However, its significance can vary
depending upon flow regimes. In mixed convection flow, the
component of natural convection is controlled by Prandtl and
Richardson numbers. Typically, the natural convection is neg-
ligible at Ri . 0.1 for forced convection flow. On the other
hand, the natural convection becomes dominant at Ri & 10.
In a mixed convection flow (0.1 . Ri . 10), both forced and
natural convection are significant. For Richardson numbers
less than 0.15, the flow was characterized by broadening of
the wake; whereas Richardson numbers greater than 0.15 re-
vealed separation delay and attached twin vortices behind the
cylinder14. The variation of Richardson number signify the in-
fluence of buoyancy-driven flow on the fluid momentum trans-
portation. In this investigation, we are particularly interested
in thermal characteristics in mixed convection flow, but the
force convection component is dominant over the natural con-
vection. Hence the range of Richardson number is chosen rel-
atively close to forced convection flow regime, Ri= [0.5,2.0].
On the other hand, as Prandtl number quantifies the diffusivity
of fluid momentum over heat energy, it plays a significant role
to determine heat transfer and hydrodynamic characteristics in
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near wake for mixed convection flow. To investigate the influ-
ences of Prandtl number (Pr) and Richardson number (Ri) on
mixed convection flow, the values of Pr and Ri are chosen as
0.7≤ Pr ≤ 10.0 and 0.5≤ Ri≤ 2.0 respectively, considering
their practical significance.
The structure of this article is organized as follow. At first,
the governing equations and the derived numerical formula-
tions are introduced in Section II. Following that, the setup of
computational domain and the validation of derived numer-
ical formulations are presented in Section III. Subsequently,
the obtained numerical results of structural dynamics, hydro-
dynamics and energy transfer in mixed convection flow are
discussed in Section IV. Finally, the conclusion remarks are
drawn in Section V.
II. GOVERNING EQUATION AND NUMERICAL
FORMULATION
In current problem, the fluid density is assumed to be uni-
form over the computational domain, except for the buoyancy
term, in which the density is taken as a function of temper-
ature. This assumption leads to the Boussinesq Approxima-
tion (BA) if the temperature difference level are maintained
within certain limits. The unsteady Navier-Stokes equation is
strongly coupled with the energy equation to simulate mixed
convection flow in the article. The unsteady Navier-Stokes
equation is spatially discretized with 4-nodes quadrilateral el-
ements in a stabilized finite element formulation, in which
the fluid-structure interaction is precisely tracked with the
body-conformal meshes. The fluid solver is coupled with
the structural solver using a second-order stagger-partitioned
weakly-coupling fluid-structure interaction scheme. The fluid
and structural dynamics are coupled in Arbitrary Lagrangian-
Eulerian (ALE) description. The unconditional-stable second-
order accurate generalized-α time integration schemes are
employed for both fluid and structure solvers to march in time.
In this section, the relevant variables are explained at the ap-
propriate location in the contents. For the detailed description
of the other variables, please refer to the nomenclature in this
article.
A. governing equations and non-dimensionalization
The unsteady, incompressible and Newtonian Navier-
Stokes equation in its conservative form is coupled with the
energy equation via the Boussinesq approximation, as pre-
sented in Equation (1), to simulate the mixed convection flow
over an elastically-mounted cylinder, where g = [0,−g]′ =
[0,−9.81]′ is the gravitational acceleration vector. On the
other hand, the energy equation is coupled with the Navier-
Stokes equation through its advection term ((u ·∇)T ). The
superscript (′) is a transpose operator. The u, p and T are
the fluid velocity, pressure and temperature respectively. α is
the thermal diffusivity. Equation (1d) and Equation (1e) are
the boundary conditions prescribed by the Dirichlet (ΓD) and
Neumann (ΓN) domain boundaries respectively, where h˜ and
q˜ refer to the prescribed surface traction vector and heat flux.
Equation (1f) is the initial states of the flow field.
∇ ·u= 0 ∀x ∈Ω f (t) (1a)
ρ0
(
∂tu+(u ·∇)u
)
= ∇ ·σ{u, p}+ρg ∀x ∈Ω f (t) (1b)
∂tT +(u ·∇)T = α∇2T ∀x ∈Ω f (t) (1c)
u= u˜; T = T˜ ∀x ∈ Γ fD(t) (1d)
σ{u, p} ·n= h˜; α(∇T ) ·n= q˜ ∀x ∈ Γ fN(t) (1e)
u= u˜0; T = T˜0 ∀x ∈Ω f (0) (1f)
The term ∂t(·) refers to the time derivative of a variable with
respect to the spatial coordinates (x). The Cauchy stress ten-
sor (σ) is defined as
σ{u, p}=−pI+2µε(u) (2a)
ε(u) =
1
2
[
∇u+(∇u)′
]
(2b)
where p, I , µ and ε(u) respectively are the fluid pressure, the
identity matrix, the dynamic viscosity and the strain rate ten-
sor. Natural convection is generated by the density difference
induced by the temperature differences within a fluid system.
Because of the small density variations present in these type
of flows, a general incompressible flow approximation is nor-
mally adopted. Assuming the density is a function of tem-
perature, ρ = ρ(T ), elementary thermodynamics states that
β =− 1ρ (∂ρ/∂T )p. Hence the density of the fluid at constant
pressure depends on the temperature, which can be written as
ρ = ρ0
[
1.0−β (T −TC)
]
(3)
where ρ0 is the reference fluid density. These considerations
lead to the Boussinesq Approximation in the y-component
fluid momentum equation.
A mixed convection state is one in which both natural
and forced convection are present. The buoyancy effects
become comparable to the forced flow effects at moderate
Richardson numbers. Since the flow is partially dominated by
forced convection, a reference velocity (U∞) value is normally
known. Introducing the following dimensionless groups in
Equation (4), where U∞ is available, the governing equations
for the mixed convection flow can be non-dimensionalized
into the form in Equation (5), where ng = [0,−1]′ is the unit
vector of gravitational force.
x∗ =
x
D
; u∗ =
u
U∞
; τ =
tU∞
D
(4a)
p∗ =
p+ρ0gz
ρ0U2∞
; θ =
T −TC
TH −TC (4b)
In Equation (4), the superscript (∗) indicates the dimension-
less groups. τ and θ respectively are the dimensionless time
and temperature. The TH and TC represent the highest and
coolest temperature in the computational domain. The value
of z is the elevation height in the direction of gravitational ac-
celeration.
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∇ ·u∗ = 0 ∀x∗ ∈Ω f (τ) (5a)
∂τu∗+(u∗ ·∇)u∗ =−∇p∗+ 1Re∇ ·
(
∇u∗+(∇u∗)′
)− ( Gr
Re2
ng
)
θ ∀x∗ ∈Ω f (τ) (5b)
∂τθ +(u∗ ·∇)θ = 1RePr∇
2θ ∀x∗ ∈Ω f (τ) (5c)
u∗ = u˜∗; θ = θ˜ ∀x∗ ∈ Γ fD(τ) (5d)(− p∗I+ 2
Re
ε(u∗)
) ·n= h˜∗; ( 1
RePr
∇θ
) ·n= q˜∗ ∀x∗ ∈ Γ fN(τ) (5e)
u∗ = u˜∗0; θ = θ˜0 ∀x∗ ∈Ω f (0) (5f)
B. numerical formulations of fluid-structure interaction
simulation
The numerical formulation is derived by spatially dis-
cretizing the governing equations in their primitive variables
in Equation (5) using a stabilized finite element formula-
tion at first. Similar to the Navier-Stokes equation, the en-
ergy equation in Equation (5c) involves the advection term
(u∗ ·∇)θ too. which causes spurious oscillations in veloc-
ity field. Hence a residual-based stabilized finite element
formulations, Galerkin Least Squares (GLS)40 and Pressure
Stabilizing Petrov Galerkin (PSPG)41, are employed to stabi-
lize the spurious oscillation in velocity field with numerical
diffusion and circumvent the Ladyzhenskaya-Babuska-Brezzi
(LBB) condition of the velocity-pressure field. In the finite
element formulations, we define appropriate sets of finite trial
solution spaces (Shu, S
h
θ and S
h
p) for velocity, temperature and
pressure, and their finite test function spaces (V hu , V
h
θ and V
h
p )
respectively, as shown in Equation (6).
Shu = {u∗h|u∗h ∈ (H1h)d ,u∗h .= u˜∗h ∀x∗ ∈ Γ fD(τ)} (6a)
V hu = {ψhu |ψhu ∈ (H1h)d ,ψhu .= 0 ∀x∗ ∈ Γ fD(τ)} (6b)
Shθ = {θ h|θ h ∈ H1h,θ h .= θ˜ h ∀x∗ ∈ Γ fD(τ)} (6c)
V hθ = {ψhθ |ψhθ ∈ H1h,ψhθ .= 0 ∀x∗ ∈ Γ fD(τ)} (6d)
Shp =V
h
p = {ψhp|ψhp ∈ H1h} (6e)
where the superscript (h) indicates a finite function space, e.g.,
Shu ⊂ Su. The value of d refers to the number of space dimen-
sion. H1h is a finite dimensional space defined in Equation (7),
where P1 is the piece-wise linear polynomial and E denotes
the set of elements resulting from the spatial discretization.
H1h = {Θh|Θh ∈C0,Θh|Ωe ∈ P1,∀Ωe ∈ E } (7)
Hence the stabilized finite element formulation of Equa-
tion (5) can be written as: for all ψhu ∈V hu ,ψhp ∈V hp ,ψhθ ∈V hθ ,
find u∗h ∈ Shu, p∗h ∈ Shp,θ h ∈ Shθ such that Equation (8) is satis-
fied. TheBG([ψhu ,ψhp], [u∗h, p∗h,θ h]),BG(ψhθ , [u
∗h,θ h]) and
BG(ψhθ ,θ
h) terms are derived from the unsteady and incom-
pressible Navier-Stokes equation and the conservation of en-
ergy equation respectively, based on the standard Galerkin
method in finite element framework. The boundary integral
Bcorr(ψhu ,u
∗h) is a correction term42 for the "do-nothing"
outflow boundary condition to avoid reverse numerical flux.
The BS([ψhu ,ψhp], [u∗h, p∗h,θ h]) and BS(ψhθ , [u
∗h,θ h]) are
the stabilization terms based on the GLS and PSPG formu-
lations. The term ∂τ(·)|X refers to the spatial time derivative
with respect to the fixed referential coordinates (X ) and the
dimensionless time (τ) in ALE description. The stabilization
parameters (τm, τc and τθ ) are defined as
τm =
[(2||u∗||
h
)2
+
( 4
Reh2
)2]−1/2
(9a)
τc =
h
2
||u∗||γ for γ =
{
Reu/3 0< Reu 6 3
1 3< Reu
(9b)
τθ =
[(2||u∗||
h
)2
+
( 4
RePrh2
)2]−1/2
(9c)
where Reu and h respectively are the local Reynolds number
and the size of element. The value of um is the dimensionless
mesh velocity. The fluid solver is coupled with the structural
solver via satisfying the kinematic and dynamic constraints
along the fluid-structure interface (Γ f s), as shown in Equa-
tion (10).
u∗(Φ∗(X ,τ),τ) = ∂τΦ∗(X ,τ) ∀X ∈ Γ f s(τ) (10a)
h∗(Φ∗(X ,τ),τ) =
−h∗cyl(Φ∗(X ,τ),τ) ∀X ∈ Γ f s(τ) (10b)
where h∗ and h∗cyl = [h∗cylx ,h∗cyly ] respectively are the dimen-
sionless fluid and structural stresses along the fluid-structure
interface. The value of Φ∗ is the dimensionless location of
the structure, which is defined in Equation (11), where η∗ is
the dimensionless displacement of structure at time τ . In this
investigation, the referential coordinates can be taken as the
initial position of the rigid circular cylinder. The values of
∂τΦ∗ and ∂ 2τ Φ∗ are defined as the structural velocity and ac-
celeration respectively.
Φ∗(X ,τ) = η∗(X ,τ)+X ∀X ∈Ωs(τ) (11)
The superscript (s) indicates the structural variables. Hence
the governing equation of the structure can be formulated as
follow
∂ 2τ Φ
∗+c∂τΦ∗+kη∗ = h∗cyl ∀X ∈Ωs(τ) (12)
c= 2ζ
√
kms; k = (2pifn)2ms
Ur =U∞/( fnyD); ms = m∗(0.25piD2Lρ0)
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∫
Ω f
[
ψhu ·
(
∂τu∗h|X +
(
(u∗h−u∗hm ) ·∇
)
u∗h +
( Gr
Re2
ng
)
θh
)
+ ε(ψhu) : σ{u∗h, p∗h}
]
dΩ−
∫
Γ fN
ψhu · h˜∗h dΓ+
∫
Ω f
[
ψhp∇ ·u∗h
]
dΩ︸ ︷︷ ︸
BG([ψhu ,ψhp ],[u∗h,p∗h,θ h])
−
∫
Γ fN(out)
ψhu ·
[− 1
Re
(∇u∗h)′ ·n]dΓ︸ ︷︷ ︸
Bcorr(ψhu ,u
∗h)
+
nel
∑
e=1
∫
Ω f
τm
[(
(u∗h−u∗hm ) ·∇
)
ψhu−
1
Re
∇2ψhu +∇ψ
h
p
]
·︸ ︷︷ ︸
BS([ψhu ,ψhp ],[u∗h,p∗h,θ h])[
∂τu∗h|X +
(
(u∗h−u∗hm ) ·∇
)
u∗h− 1
Re
∇2u∗h +∇p∗h +
( Gr
Re2
ng
)
θh
]
dΩ+
nel
∑
e=1
∫
Ω f
τc
[
(∇ ·ψhu)(∇ ·u∗h)
]
dΩ︸ ︷︷ ︸
BS([ψhu ,ψhp ],[u∗h,p∗h,θ h])
+
∫
Ω f
[
ψhθ ·
(
∂τθh|X +
(
(u∗h−u∗hm ) ·∇
)
θh
)
+
1
RePr
∇ψhθ ·∇θh
]
dΩ︸ ︷︷ ︸
BG(ψhθ ,[u∗h,θ h])
+
nel
∑
e=1
∫
Ω f
τθ
[(
(u∗h−u∗hm ) ·∇
)
ψhθ −
1
RePr
∇2ψhθ
]
·︸ ︷︷ ︸
BS(ψhθ ,[u∗h,θ h])[
∂τθh|X +
(
(u∗h−u∗hm ) ·∇
)
θh− 1
RePr
∇2θh
]
dΩ︸ ︷︷ ︸
BS(ψhθ ,[u∗h,θ h])
−
∫
Γ fN
[
ψhθ q˜
∗h]dΓ︸ ︷︷ ︸
BG(ψhθ ,θ h)
= 0 ∀[ψhu ,ψhp,ψhθ ] ∈V hu ×V hp ×V hθ (8)
where c= [cx,cy]′, k= [kx,ky] and fn = [ fnx, fny]′ respectively
are the resultant damping coefficient vector, the resultant stiff-
ness coefficient vector and the structural frequency vector. m∗
is the mass ratio and ζ is the damping ratio. The reduced ve-
locity (Ur) is defined based on the structural frequency in the
transverse direction ( fny). In this investigation, it is assumed
that the structural frequencies in transverse and streamwise
directions are identical. The values of D = 1.0, L = 1.0 and
ms are the diameter, spanwise length and mass of the cylin-
der. In the ALE description, the coordinates of mesh nodes
are mapped using a popular harmonic model, whose strong
form reads as
−∇ · (αe∇d∗) = 0 ∀x∗ ∈Ω f (τ) (13)
d˜∗ = η∗ ∀x∗ ∈ Γ f s(τ)
d˜∗ = 0 ∀x∗ ∈ Γ f (τ)/Γ f s(τ)
where d∗ are the dimensionless grid displacement with re-
spect to the fixed referential framework X . The value of αe
is a "stiffness parameter" of the mesh43.
To couple the fluid and structural solvers, a second-order
staggered-partitioned weakly-coupling FSI scheme is imple-
mented. Both the solutions to the fluid and structural solvers
march in time with the popular second-order unconditionally
stable generalized α time integration schemes. For the de-
tailed formulations of the FSI scheme and the generalized
α time integration schemes, please refer to Dettmer & Peric´
(2013) 44, Chung & Hulbert (1993)45, Jansen et. al. (2000)46.
In many mixed convection flow applications, there are two
important quantities of interest: the rate of heat transfer, Nus-
selt number (Nu), and the hydrodynamic responses of the sub-
merged structure, the hydrodynamic forces (Cd and Cl) and
Strouhal number (St), as shown in Equation (14).
Nu(s) =−∇θ(s) ·n(s); Nu = 1
`
∫ `
s=0
Nu(s) ds (14a)
Cd =
h∗cylx
0.5ρ0U2∞DL
; Cl =
h∗cyly
0.5ρ0U2∞DL
(14b)
Ce =
∫
Clv∗dτ; St =
fvsD
U∞
(14c)
In particular, the energy transfer coefficient (Ce) in transverse
direction is a important parameter in the analysis of fluid-
structure interaction, which indicates the total kinetic energy
transferred between fluid and structure for a time interval.
In this investigation, we employ these global quantities to
analyze and quantify the hydrodynamic and thermal charac-
teristics of an elastically-mounted cylinder in different flow
regimes.
III. PROBLEM STATEMENT AND VALIDATION
In this section, the configuration of the computational do-
main and its hydrodynamic & thermal boundary conditions
are presented at first. Subsequently, the mesh and time con-
vergence analyses are conducted to determined the optimal
spatial and temporal discretizations for the simulations. The
implemented numerical formulations are validated with liter-
ature. The obtained numerical results match well with the re-
sults in literature.
A. problem setup and boundary conditions
In this investigation, the numerical investigation is con-
ducted for the flow over an elastically-mounted circular cylin-
der in mixed convection flow. As illustrated in Figure 1a,
a freely-vibrating circular cylinder in mixed convection flow 6
y∗
x∗
u∗ =U∞
v∗ = 0
θ = 0
h∗ = 0
q∗ = 0
v∗ = 0; h∗ = 0; q∗ = 0
v∗ = 0; h∗ = 0; q∗ = 0
θ = 1
D = 1
Lu = 10 Ld = 40
H
=
50
(a)
Y
XZ
(b)
FIG. 1: Schematic diagram and mesh discretization: (a)
schematic diagram of an elastically-mounted cylinder in
mixed convection flow and (b) mesh discretization around the
wake behind the cylinder
the cylinder is initially situated at the origin of the axes x∗ =
(0,0), where is ten-diameter downstream the inlet (Lu = 10),
forty-diameter upstream the outlet (Ld = 40) and twenty-five-
diameter away from the upper and lower traction-free bound-
aries. The blockage ratio is 2%. The diameter of the cylinder
is taken as the characteristic length, D = 1.0. The rigid cir-
cular cylinder is attached with spring-damper systems and al-
lowed to vibrate along x (streamwise) and y (transverse) axes.
In this article, the Reynolds number, mass and damping ratios
are fixed at Re = 100.0, m∗ = 10.0 and ζ ∗ = 0.01 respec-
tively. The traction-free thermal and momentum boundary
conditions are imposed along the boundaries of the compu-
tational domain, as shown in Figure 1a, except the inlet and
the cylinder. A uniform velocity (u˜∗ = [U∞,0.0]′) and a ho-
mogeneous temperature (θ = 0.0) are imposed along the in-
let. The uniform temperature (θ = 1.0) is prescribed over the
cylinder’s surface. The instantaneous velocity and location
of the cylinder is determined by the dynamics of its vibrat-
ing motion. The structured boundary-layer meshed surround
TABLE I: Flow past a circular cylinder in mixed convection
flow at Re = 100, Pr = 0.7, Ri = 1.0, dt = 0.01 and different
mesh resolutions
MESH a NODES Cd Crmsl St Nu
M3 (128) 2.6×104 1.300
(0.5%)
0.251
(1.9%)
0.175
(0.0%)
5.106
(1.8%)
M2 (256) 4.8×104 1.306
(0.0%)
0.255
(0.4%)
0.175
(0.0%)
5.191
(0.2%)
M1 (512) 8.9×104 1.306 0.256 0.175 5.198
a The value in the bracket refers to the number of nodes around the cylinder.
the cylinder’s surface and radiate outward at a mesh growth
rate less than 1.03 to avoid mesh skewness, as exhibited in
Figure 1b. The height of the first boundary-layer mesh is con-
trolled well below the linear viscus sublayer y+ = 1.0, where
y+ is the dimensionless wall distance. Unlike the isothermal
incompressible fluid flow, we noticed that the height of the
first boundary layer mesh should be much less than y+ = 1.0
for the mixed convection flow, so as to achieve the mesh con-
vergence, e.g., y+ . 0.3.
The hydrodynamic and thermal characteristics of the vibrat-
ing cylinder is investigated in different flow regimes by vary-
ing the reduced velocity, the Prandtl number and Richardson
number. The characteristic phenomena of VIV usually occur
within the range of Ur ∈ [2.0,10.0], e.g., VIV lock-in, flutter-
ing and galloping. The flow of the gases and water is partic-
ularly of our focus in practice; hence the range of the Prandtl
number is taken as Pr ∈ [0.7,2.0]. For mixed convection flow,
the values of Richardson number are chosen from 0.5 to 2.0,
in which the forced convection is assumed to be relatively in-
fluential to the natural convection in this investigation.
B. validation and convergence analysis
As illustrated in Figure 1b, the computational domain is
discretized with four-node quadrilateral elements. The fluid
velocity vector, pressure and temperature are collocated at
each node of the elements. The mesh convergence analysis
is carried out for simulation of flow over a circular cylinder in
mixed convection flow at Re = 100, Pr = 0.8, Ri = 1.0 and
dt = 0.01. From Table I, it is evident that the error of the hy-
drodynamic and thermal responses are within 1% for the mesh
resolution M2, where Cd , Crmsl , St and Nu respectively are the
mean drag coefficient, the rooted-mean-square lift coefficient,
Strouhal number and the mean Nusselt number. Hence M2
is used for all simulations in this article. The time conver-
gence analysis in Table II shows that the time step dt = 0.01
is optimal for the investigation of mixed convection flow, in
which the errors of the hydrodynamic and thermal responses
are within 1%.
Subsequently, the derived numerical formulation is vali-
dated with the results in literature. It can be seen that the
obtained mean Nusselt numbers from the derived formulation
for heat convection flow match well with the literature13,47 and
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FIG. 2: Validation of the implemented numerical algorithm: (a) flow past a circular cylinder in forced convection flow; (b) flow
past a circular cylinder in isothermal fluid flow; (c) flow past an elastically-mounted cylinder at Re = 33, m∗ = 4.73 and ζ = 0
and (d) flow pas an elastically-mounted cylinder at Re = 150, m∗ = 2.55, ζ = 0 and Ur = 5.0
TABLE II: Flow past a circular cylinder in mixed convection
flow at Re = 100, Pr = 0.7, Ri = 1.0, M2 (256) and different
time steps
TIME STEP Cd Crmsl St Nu
dt = 0.020 1.287
(1.5%)
0.236
(8.0%)
0.175
(0.0%)
5.096
(2.2%)
dt = 0.010 1.306
(0.0%)
0.255
(0.8%)
0.175
(0.0%)
5.191
(0.4%)
dt = 0.005 1.307 0.257 0.175 5.211
the empirical formula48, as shown in Figure 2a. The derived
formulation for the unsteady, incompressible and isothermal
fluid flow is validated with literature49,50 by comparing the
hydrodynamic forces in Figure 2b. The structural dynamics
obtained from the implemented ALE formulation is validated
by comparing the values of the dimensionless transverse fluc-
tuation in literature51–53. The maximum values of a dimen-
sionless quantity are defined based on its root-mean-square
and mean values. For instance,
Amaxy =
√
2Armsy +Ay; δA
max
y =
√
2Armsy (15a)
Armsy =
√√√√ n∑
i
(
Ay(i)−Ay
)2
n
(15b)
where Amax, δAmaxy , Armsy and Ay are the maximum trans-
verse displacement, the maximum transverse fluctuation, the
root-mean-square transverse fluctuation and the mean trans-
verse displacement of the cylinder respectively. The value
of n is the total number of sampled data. Figure 2c shows
good agreement of the VIV lock-in responses with literature.
Figure 2d demonstrates the typical figure-eight trajectory ob-
tained from the derived numerical formulation for the freely-
vibrating cylinder in the isothermal cross flow.
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IV. RESULTS AND DISCUSSION
As the flow past a heated cylinder, the thermal action pre-
dominantly takes place in wake. The heat energy is rapidly
transferred from the cylinder to wake downstream and per-
turbs the shear-layer interactions, due to the presence of large
temperature gradients. Consequently, the structural dynam-
ics of the cylinder is altered, which reversely affect temper-
ature distribution in near wake too. In mixed convection
flow, the influence of heat transfer is primarily controlled by
two parameters, Prandtl and Richardson numbers. By vary-
ing Prandtl number, we know how diffusive is the heat en-
ergy field with respect to fluid momentum. On the other
hand, intuitively speaking, Richardson number indicates how
much the fluid momentum transportation is perturbed by heat
energy field. In this section, we primarily focus on the
presentation and discussion of the complex interaction and
regimes between fluid, structure and heat transfer for dif-
ferent Prandtl and Richardson numbers, e.g., Pr ∈ [0.7,10]
and Ri ∈ [0.5,2.0], where the forced convection is relatively
stronger than natural convection.
A. structural dynamics in mixed convection flow
First of all, we start with the streamwise motions of the
freely-vibrating circular cylinder. In Figure 3, it can be seen
the change of mean streamwise displacements (Ax) with re-
spect to reduced velocity (Ur) is insensitive to different com-
binations of Pr and Ri values in mixed convection flow, ex-
cept the relative amplification, about 40%, during VIV lock-
in. The values of Ax surges proportionally with Ur values.
However, the maximum streamwise fluctuations (δAmaxx ) be-
have acutely different for various combination of Pr and Ri
values. The maximum streamwise fluctuations in mixed con-
vection flow is significantly large compared those in isother-
mal flow for VIV lock-in. However, as Prandtl number arises,
the values of δAmaxx for VIV lock-in decreases and almost di-
minishes in the case of Pr = 10 and Ri = 2.0 in Figure 3f. It
means the slow dissipation of heat energy with respect fluid
momentum (high Prandtl number) limits the influence of heat
energy field to hydrodynamics in near wake. Consequently
the structural dynamics approach to those in isothermal flow.
This conclusion is further supported by the subsequent analy-
ses of the transverse structural motions and numerical results
in Sections IV B and IV C. On the other hand, the increment
of Richardson number means a stronger influence of the buoy-
ancy force on the fluid momentum transportation and simul-
taneously affects the structural dynamics in transverse direc-
tion. In particular, it is observed in Figure 3(b,d,f) that the VIV
lock-in regions are further widened in the cases of Ri = 2.0,
until much high reduced velocity values, e.g., Ur ≈ 10. In
Figure 3b, a secondary VIV lock-in region occurs in the case
of Pr = 0.7 and Ri = 2.0 for Ur ∈ (7.0,10). The formation
of this secondary VIV lock-in region highlights the influence
of strong buoyancy force on the structural dynamics at high
Ur values. On the contrary, the structural dynamics is found
insensitive to the buoyancy force for the pre-lock-in regions.
Furthermore, Figure 3d also shows a very wide VIV lock-in
region formed by coalescence of the primary and secondary
VIV lock-in regions in the case of Pr = 2.0 and Ri = 2.0,
the dotted green curve with cross markers. As Prandtl num-
ber further increases, the VIV lock-in region gets eventually
suppressed at Ri = 2.0 over a wide range of reduced velocity
values, e.g., Ur ∈ [0,10].
Similarly, the transverse motions of cylinder are plotted
in Figure 4. Unlike the streamwise displacements, the dif-
ference of mean transverse displacements (Ay) between the
mixed convection and isothermal flows is enlarged as the re-
duced velocity value increases in Figure 4(a, c, e). Especially,
this difference is overall large in the cases of higher Richard-
son numbers for the same Ur value. Nevertheless, similar to
the maximum streamwise fluctuation (δAmaxx ), the influence of
heat energy field on hydrodynamics for VIV lock-in reduces
in the cases of higher Prandtl numbers. As Prandtl number
keeps increasing, the flow-induced structural dynamics be-
comes much more close to those in isothermal flow, except for
high Ur and Ri values. The secondary VIV lock-in region is
again confirmed in the plots of the transverse motions for high
reduced velocity values in Figure 4b and Figure 4d. The max-
imum transverse fluctuation becomes significantly excited for
Ur ≈ 5.5 and Ur ≈ 9.0 respectively. The primary and sec-
ondary VIV lock-in regions coalesce in the case of Pr = 2.0
and Ri = 2.0, striding over a wide range of Ur values in Fig-
ure 4d. It is also noteworthy that the peak of the secondary
VIV lock-in region is shifted further higher reduced veloc-
ity values until Ur ≈ 9.25 and the peak transverse fluctuation
during the primary VIV lock-in is simultaneously suppressed,
e.g., δAmaxy ≈ 0.2 in Figure 4d. This shift of peak value in
secondary VIV lock-in is further confirmed in the subsequent
analyses of hydrodynamic forces in Section IV B and energy
transfer in Section IV C. If both Prandtl and Richardson num-
bers are high in mixed convection flow, e.g., the dotted green
curve with cross markers in Figure 4f, the secondary VIV
lock-in region even disappears in the range of Ur ∈ [2.0,10]
and the peak transverse fluctuation during primary VIV lock-
in region is remarkably diminished. In a nutshell, the hydro-
dynamics and structural dynamics in the cases of high Pr and
low Ri values are close to those in isothermal flow, which rep-
resent the flow regimes with slow heat energy dissipation and
less influence of buoyancy-driven flow. In contrast, for high
Ri values, e.g., Ri≈ 2.0 in this study, a secondary VIV lock-in
region could be induced, which shifts its location with respect
to the Ur values for different Pr numbers. It is found the
buoyancy-driven flow has a severe impact on the structural
dynamics for high reduced velocity values, especially the be-
havior of VIV lock-in.
In the frequency domain, VIV lock-in regions can be iden-
tified distinctly. During VIV lock-in, the frequency of trans-
verse vibration induced by lift force ( fAy ) is locked with the
structural frequency. By plotting the frequency ratio ( fAy/ fny)
of the transverse direction with respect to reduced velocity,
the VIV lock-in region for isothermal flow could be identi-
fied apparently as the dotted back line with pentagon markers
in Figure 5a for Ur ∈ [5.0,7.0]. Correspondingly, the VIV
lock-in regions in mixed convection flow become narrower
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FIG. 3: Streamwise structural dynamics of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01, Ur ∈ [2,10],
Pr ∈ [0.7,10] and Ri ∈ [0.5,2.0]: (a, c, e) the mean streamwise displacement and (b, d, f) the maximum streamwise fluctuation.
The VIV lock-in regions for Ri = 2.0 are filled with light cyan color.
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FIG. 4: Transverse structural dynamics of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01, Ur ∈ [2,10],
Pr ∈ [0.7,10] and Ri ∈ [0.5,2.0]: (a, c, e) the mean transverse displacement and (b, d, f) the maximum transverse fluctuation.
The VIV lock-in regions for Ri = 2.0 are filled with light cyan color.
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FIG. 5: Frequency ratio of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01 and Ur ∈ [2,10]: (a) Pr = 0.7 and
Ri ∈ [0.5,2.0]; (b) Pr = 2.0 and Ri ∈ [0.5,2.0] and (c) Pr = 10 and Ri ∈ [0.5,2.0]. The VIV lock-in regions for Ri = 2.0 are
filled with light cyan color.
for Pr = 0.7 and Ri ∈ [0.5,2.0). As Richardson number in-
creases further, the primary VIV lock-in region become even
narrow. Again, the aforementioned secondary VIV lock-in
region is evidently confirmed in the case of Pr = 0.7 and
Ri = 2.0 for Ur = [7.5,10], the region filled with light cyan
color in Figure 5a. For higher Prandtl number (Pr = 2.0), the
coalescence of primary and secondary VIV lock-in regions is
also confirmed in the frequency domain, as shown by the light
cyan region for Ur > 5.0 in Figure 5b. This observation is
extremely meaningful for the structural dynamics, since VIV
lock-in is an indication of intensive vibrations and high energy
transfer between fluid and structure. It implies that the inter-
ference from buoyancy force becomes evident and detrimental
to the structural stability for low Pr and high Ri values. In con-
trast, similar to the observations in Figure 3 and Figure 4, the
hydrodynamic and structural responses of a freely-vibrating
cylinder becomes more close to those in isothermal flow in
the cases of high Pr and low Ri values, instead. Figure 5c
shows the frequency ratios for Ri= 0.5 and 1.0 behave almost
identical to the responses in isothermal flow, except the case
of Ri = 2.0, in which the VIV lock-in is almost suppressed by
the strong interference of buoyancy force.
According to Equation (5), it is known that Richardson
number indicates the significance of buoyancy-driven flow in
fluid momentum transpiration. A high Richardson number is
linked the dominance of natural convection flow in wake. As
shown in Figure 6, the wake behind cylinder is apparently de-
flected upward for high Richardson numbers, e.g., Ri = 2.0
in this study, due to the influence of natural convection. The
temperature contour closely follows the vorticity clusters and
its strength dissipates gradually downstream. For the cases of
low Richardson number, e.g., Figure 6a and 6b, the strength of
heat energy field can sustain much farther downstream, since
the forced convection is more dominant over natural convec-
tion. As Prandtl number increases until Pr = 2.0, the size of
temperature contour shrinks significantlywith respect to the
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FIG. 6: Spanwise vorticity ω contour of a freely-vibrating
cylinder at Re = 100, Pr = 0.7, m∗ = 10, ζ = 0.01, Ur = 5.0
and τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0. The
solid lines are heat energy field for θ ∈ [0.08,0.9].
vorticity clusters in Figure 7, because the heat energy field is
less diffusive. Similar to the cases of Pr = 0.7, the wake de-
flects upward at higher Richardson numbers, in which inten-
sive and complex shear-layer mixing is observed in the upper
portion of wake. Furthermore, it is also found that the tem-
perature gradient become strong in the near wake right be-
hind the cylinder, e.g., the dense temperature-contour layers,
in Figure 7, compared with the cases of lower Prandtl number
in Figure 6.
For the cases of Pr = 10 in Figure 8, the temperature con-
tour shrinks even further and disappears rapidly in wake. Due
to this limited influence of heat energy field on hydrodynamics
in near wake, the vorticity clusters do not behave very oddly
from those in isothermal flow, in contrast to the cases of lower
Prandtl numbers in Figure 6 and Figure 7. Apparently, the
heat energy is transported with the vorticity clusters down-
(a)
(b)
(c)
FIG. 7: Spanwise vorticity ω contour of a freely-vibrating
cylinder at Re = 100, Pr = 2.0, m∗ = 10, ζ = 0.01, Ur = 5.0
and τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0. The
solid lines are heat energy field for θ ∈ [0.08,0.9].
stream, but concentrated in the vortex cores.
Based on the aforementioned investigations, it is realized
that the distribution of heat energy field has a direct interfer-
ence to the structural dynamics and hydrodynamics in near
wake right behind cylinder. Hence, in Figure 9, we zoom in
and focus on the temperature contours close to the cylinder
surface and its near wake during VIV lock-in for Ur = 5.0.
It is found that the temperature contour is stretched further
and forms clusters shedding downstream in the cases of higher
Richardson numbers, e.g., the temperature contour θ = 0.244
in Figure 9. Moreover, following the intensive vibration of
cylinder, the temperature contour becomes extremely concen-
trated over the frontal surface of cylinder, toward where it is
swiftly moving, e.g., the upper and lower surfaces in Figure 9a
and Figure 9c respectively.
In Figure 10, the shrunk temperature contours are con-
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FIG. 8: Spanwise vorticity ω contour of a freely-vibrating
cylinder at Re = 100, Pr = 10, m∗ = 10, ζ = 0.01, Ur = 5.0
and τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0. The
solid lines are temperature field for θ ∈ [0.08,0.9].
firmed again in the cases of Pr = 2.0. It can be clearly ob-
served that the density of temperature contour is significantly
high in the cases of higher Prandtl numbers, because of the
less diffusive heat energy field. It implies a rapid heat con-
vection over the cylinder’s surface, which will be confirmed
and discussed in Section IV C later on. Again, the high con-
centration of temperature contour is noticed over the cylin-
der’s frontal surface during large vibration. Due to the in-
stantaneous changes of heat energy field with respect to struc-
tural dynamics, intensive fluctuation of heat flux could be ex-
pected during VIV lock-in, together with relatively high Nus-
selt numbers. The performance of heat transfer will be further
discussed in Section IV C. The temperature contour retains a
high density around the entire surface of cylinder for the cases
of Pr = 10 for different Ri values in Figure 11. In those cases,
the heat energy field is highly concentrated around the cylin-
(a)
(b)
(c)
FIG. 9: Thermal contour of a freely-vibrating cylinder at
Re = 100, Pr = 0.7, m∗ = 10, ζ = 0.01, Ur = 5.0 and
τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0
der’s surface and the temperature in wake rapidly approaches
toward the referential value downstream. In addition, it if
found the temperature contour is relatively stretched for high
Richardson numbers, as shown in Figure 11c.
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FIG. 10: Thermal contour of a freely-vibrating cylinder at
Re = 100, Pr = 2.0, m∗ = 10, ζ = 0.01, Ur = 5.0 and
τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0
B. hydrodynamic responses in mixed convection flow
It was extensively reported in literature that a balanced state
is achieved between the hydrodynamic forces and structural
(a)
(b)
(c)
FIG. 11: Thermal contour of a freely-vibrating cylinder at
Re = 100, Pr = 10, m∗ = 10, ζ = 0.01, Ur = 5.0 and
τ = 350: (a) Ri = 0.5; (b) Ri = 1.0 and (c) Ri = 2.0
dynamics in isothermal and incompressible flow, especially
during the self-limiting VIV lock-in. In mixed convection
flow, the non-trivial buoyancy force in transverse direction is
expected to perturb this balance and elevates the complexity
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FIG. 12: Drag coefficients of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01, Ur ∈ [2,10], Pr ∈ [0.7,10] and
Ri ∈ [0.5,2.0]: (a, c, e) the mean drag coefficient and (b, d, f) the maximum fluctuation of drag coefficient
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of shear-layer mixing. As illustrated by the dotted black line
with pentagon markers in Figure 12a, the mean drag coeffi-
cient (Cd) in isothermal flow is about 1.32 for a wide range
of Ur values, except for the VIV lock-in. On the other hand,
in mixed convection flow, as Richardson number surges, the
peak value of Cd during VIV lock-in reduces significantly. In
cases of low Richardson numbers Ri < 2.0 in Figure 12(a, c,
e), the value of Cd becomes very insensitive to the values of
Ur, Pr and Ri during off lock-in regions. Here, the off lock-in
region refers to the ranges of Ur values outside VIV lock-in
regions. In contrast, an apparent interference of buoyancy-
driven flow happens for Ri = 2.0. In the case of Pr = 0.7 and
Ri = 2.0, the value of Cd gets excited within the secondary
VIV lock-in region (Ur ∈ [7.0,9.5]) and becomes approxi-
mately 1.18 for the off lock-in regions, as depicted in Fig-
ure 12a. The increment of Prandtl number remarkably weak-
ens the influence of buoyancy force on Cd for off lock-in re-
gions in Figure 12 (a, c, e). However, overall, the peaks of Cd
during VIV lock-in are apparently suppressed in cases of high
Richardson numbers.
Similar to the observation in Cd , the maximum fluctuations
of drag coefficient (δCmaxd ) are close to those in isothermal
flow and insensitive to the values of Ur, Pr and Ri in the cases
of Ri < 2.0 during off lock-in regions. Nonetheless, the sup-
pression of δCmaxd can still be observed during VIV lock-in,
because the influence of natural convection in Figure 12(b, d,
f). Again, the secondary VIV lock-in region is confirmed for
Ri = 2.0 in Figure 12b and Figure 12d, within which the val-
ues of δCmaxd are excited tremendously. Figure 12f also con-
firms the conclusion drawn above, which says the VIV lock-in
almost disappears in the cases of Pr = 10.0 and Ri = 2.0.
The buoyancy force induces fluid flow in the direction op-
posite to the gravity. Consequently, the responses of lift force
is primarily perturbed by the buoyancy-driven flow in wake.
On the other hand, it is also known that the lift force is di-
rectly linked with vortex-shedding process, which potentially
causes the onset of VIV lock-in. Hence, it is expected that the
responses of lift force could be altered significantly for high
Richardson numbers. Indeed, Figure 13(a,c,e) show that the
increased influence of buoyancy-driven flow causes evident
deviations of mean lift forces (Cl) over a wide range of Ur val-
ues, where the magnitude of Cl increases proportionally with
Richardson number. Reversely, the values of Cl have a promi-
nent tendency to recover the responses in isothermal flow for
high Prandtl numbers. Recollecting the conclusion drawn in
Section IV A, it is understood that high Prandtl number indi-
cates shrunk temperature contours (less diffusive energy field
over fluid momentum) and limited influence of heat energy
field on hydrodynamics in wake. Hence this observed ten-
dency of Cl with respect to Prandtl number should be appreci-
ated, in which the responses of Cl get close to those in isother-
mal flow for higher Prandtl numbers. Overall, the values of
Cl become relatively excited during VIV lock-in. However, a
second amplification of Cl is found during the secondary VIV
lock-in over Ur∈ [8.0,10] in the cases of Pr< 10 and Ri= 2.0
in Figure 13b and Figure 13d.
Compared with the value or Cl , the magnitude of maximum
fluctuation (δCmaxl ) is of a primary concern in the analyses
of structural and hydrodynamic stability. In Figure 13(b, d,
f), similar to those in isothermal flow, the value of δCmaxl is
excited during VIV lock-in and retains at a very low values
during off lock-in regions, especially the post lock-in region.
Furthermore, we found that the change of Prandtl number has
no significant influence to the value of δCmaxl over a wide
range of Ur values, regardless VIV lock-in or off lock-in re-
gions. Overall, no suppression of δCmaxl is observed in cases
of different Prandtl and Richardson numbers. Instead, the val-
ues of δCmaxl is amplified in cases of Ri = 2.0 in Figure 13b
and Figure 13d for high Ur values exceeding the primary VIV
lock-in, except the case of Pr = 10 in Figure 13f.
C. fluid and heat energy transfer in mixed convection flow
Based on the previous analyses, it is found the heat en-
ergy field has a tremendous influence to the structural dynam-
ics and hydrodynamics in wake, especially for high reduced
velocity values, the typical post lock-in region in isothermal
flow. This observation is critical. Normally, it was reported
that the energy transfer between fluid and structure is inhib-
ited during pre and post lock-in regions in isothermal flow39.
The appearance of secondary VIV lock-in region means that
the fluid kinetic energy is further transferred into structures in
mixed convection flow for high Ur values. This expectation is
affirmatively supported by the results in Figure 14, where the
energy transfer between fluid and structure in transverse di-
rection for τ ∈ [200,400] (more than 30 cycles of vortex shed-
ding) is plotted with respect to the reduced velocity values. It
can be seen that a significant amount of fluid kinetic energy
is transferred into the structure in the case of Pr = 0.7 and
Ri = 2.0 for high reduced velocity values (Ur ∈ [7.0,9.0]) in
Figure 14a, besides the primary VIV lock-in region. The ki-
netic energy transfer is excited at almost the same Ur value
for both mixed convection flow and isothermal flow, e.g.,
Ur ≈ 5.25. In contrast, the amount of transferred fluid kinetic
energy is significantly reduced in the cases of higher Richard-
son numbers. Especially, the fluid kinetic energy transfer is
almost suppressed in the cases of high Prandtl and Richard-
son numbers, e.g., the green dotted line with cross markers in
Figure 14c. Consequently, the intensive buoyancy-driven flow
in the cases of low Prandtl numbers widens the range of Ur
values for an effective transfer of kinetic energy between fluid
and structure; whereas high Prandtl numbers could potentially
inhibits the energy transfer and narrow the effective range of
Ur values, as plotted in Figure 14c. This finding is extremely
meaningful in hydropower energy harvesting.
On the other hand, the phase angle difference is another
important indicator of energy transfer. It could be used to
check if a signal provides positive feedback to one another.
In this article, the instantaneous phase angle difference (φ ) be-
tween Ay and Cl is approximated by Hilbert-Huang Transform
(HHT)24,54 and averaged over τ = [200,400]. Liu & Jaiman39
reported that the maximum energy transfer between fluid and
structure occurs for φ ≈ 90◦, in which the cylinder could ob-
tain the maximum acceleration from the fluid force. Based on
the results in Figure 15, overall, it is confirmed that maximum
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FIG. 13: Lift coefficients of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01, Ur ∈ [2,10], Pr ∈ [0.7,10] and
Ri ∈ [0.5,2.0]: (a, c, e) the mean lift coefficient and (b, d, f) the maximum fluctuation of lift coefficient
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FIG. 14: Energy transfer between fluid and structure of a
freely-vibrating cylinder in transverse direction for
τ ∈ [200,400] at Re = 100, m∗ = 10, ζ = 0.01 and
Ur ∈ [2,10]: (a) Pr = 0.7 and Ri ∈ [0.5,2.0]; (b) Pr = 2.0
and Ri ∈ [0.5,2.0] and (c) Pr = 10 and Ri ∈ [0.5,2.0]
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FIG. 15: Phase angle difference between transverse
displacement (Ay) and lift coefficient (Cl) for a
freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01 and
Ur ∈ [2,10]: (a) Pr = 0.7 and Ri ∈ [0.5,2.0]; (b) Pr = 2.0
and Ri ∈ [0.5,2.0] and (c) Pr = 10 and Ri ∈ [0.5,2.0]
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FIG. 16: Nusselt number of a freely-vibrating cylinder at Re = 100, m∗ = 10, ζ = 0.01, Ur ∈ [2,10], Pr ∈ [0.7,10] and
Ri ∈ [0.5,2.0]: (a, c, e) the mean Nusselt number and (b, d, f) the maximum fluctuation of Nusselt number
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Ce values indeed appears around the Ur values where φ ≈ 90◦.
Comparing Figure 14 with Figure 15, it is further realized that
either in-phase or anti-phase phase angle difference is ineffec-
tive to transfer the fluid kinetic energy into structure, where
very low Ce values are associated. In addition, it is also found
that the responses of Ay and Cl are generally anti-phase during
pre lock-in regions for different Pr and Ri values. Neverthe-
less, the phase angle difference is much smaller during the pre
lock-in in the cases of high Prandtl numbers in Figure 15c.
During the onset and end of energy transfer, the phase angle
differences tend to switch their states, e.g., from in-phase to
anti-phase or vice versa. The onsets of energy transfer almost
occur at about the identical reduced velocity value Ur ≈ 5.25
for different Pr and Ri values, albeit they ends at very different
Ur values for various Richardson numbers. This observation
agrees well with the results of Ce in Figure 14. As the pro-
cess of energy transfer becomes suppressed further, the phase
angle differences are stabilized, either in-phase or anti-phase.
Different from isothermal flow, the heat energy is diffused
and advected downstream from a vibrating and heated cylin-
ders in this study. The perturbation of natural convection to
hydrodynamics and structural dynamics is subtly linked with
the efficiency of heat convection over the cylinder’s surface,
which is quantified by the value of mean Nusselt number. In
Figure 16, overall, the values of mean Nusselt number (Nu) in-
crease proportionally with the values of Prandtl number over
a wide range of Ur values. This observation agrees well with
the conclusion drawn in Section IV A, which says the temper-
ature contours are concentrated around the cylinder’s surface
for high Pr values. Consequently, a strong heat convection
over cylinder’s surface is observed in the cases of Pr = 10
in Figure 16e. In terms of Richardson number, the value of
Nu becomes less sensitive to the changes in buoyancy-driven
flow in the cases of Ri∈ [0.5,2.0]. The obtained numerical re-
sults of Nu during the off lock-in regions match well with the
empirical formula derived for external flow over a stationary
and heated cylinder55, the dotted black horizontal line in Fig-
ure 16. In contrast, it is found the value of Nu becomes signif-
icantly excited by approximately 10% during VIV lock-in for
different combination of Pr and Ri values. Unlike the values
of Nu, the maximum fluctuation of Nusselt number δNumax
is very sensitive to the changes of Richardson numbers, but
insensitive to the variation in Prandtl number. Figure 16(b,
d, f) show that the responses of δNumax with respect to Ur
values are almost identical for different Prandtl numbers and
Ri < 2.0. The values of δNumax are almost zero during off
lock-in and merely excited by approximately 0.5 during VIV
lock-in. The only exception is the cases of Ri= 2.0, where the
influence of natural convection is non-trivial, e.g., the green
dotted lines with cross markers in Figure 16 (b, d, f). Again,
the aforementioned secondary VIV lock-in regions are affir-
matively noticed in the cases of Pr = [0.7,2.0] and Ri = 2.0.
An intense fluctuation of Nusselt number is associated with
VIV lock-in regions. Specifically, it is also found the maxi-
mum fluctuation of Nusselt number could surprisingly reach
as high as 2.0 in the case of Ri = 2.0 during VIV lock-in in
Figure 16b. Generally, the maximum fluctuation of Nusselt
number is significantly large in the cases of Ri = 2.0 during
off lock-in too. Like the lift forces, these intensive fluctua-
tion of Nu during off lock-in regions do not effectively excite
the structural vibration. Based on the analysis of fluid kinetic
energy transfer in Figure 14 and Figure 15, it is understood
that the fluid kinetic energy transfer is almost inhibited during
off lock-in regions. Hence this tendency in Nu values is well
appreciated.
V. CONCLUSIONS
In this article, the hydrodynamic and thermal characteris-
tics of a freely-vibrating circular cylinder in mixed convec-
tion flow were numerically investigated for Re = 100, Pr ∈
[0.7,10.0] and Ri ∈ [0.5,2.0]. In those cases, both forced con-
vection and natural convection are important, but the forced
convection is dominant, which is of our particular interest. It
was found that the values of mean streamwise displacement
was relatively insensitive to Prandtl and Richardson numbers,
but increased proportionally with the values of reduced veloc-
ity and Richardson number. Whereas both the streamwise and
transverse maximum fluctuations of structure were tremen-
dously amplified during VIV lock-in. Overall, the hydrody-
namics and structural dynamics tended to approach those in
isothermal flow for high Prandtl numbers, e.g., Pr = 10 in
this study, except for Ri = 2.0, where the interference of nat-
ural convection is non-trivial. Strong buoyancy-driven flow
had strong influences on all aspects of the results, e.g., hy-
drodynamics, structural dynamics and heat transfer, specially
for high reduced velocity values. The region of VIV lock-
in was narrowed for higher values of Richardson number. In
particular, VIV lock-in was almost suppressed in cases of
Pr > 10 and Ri = 2.0. Overall, it was found that the influ-
ence of Richardson number on structural and hydrodynamic
responses was much severe than Prandtl number. This in-
fluence primarily occurred for high reduced velocity values,
which was typically within the post lock-in region in isother-
mal flow. Especially, a strong secondary VIV lock-in region
was formed for Ri= 2.0 and large Ur values. It further formed
a huge VIV lock-in region over a wide range of Ur values
by coalescing the primary and secondary VIV lock-in regions
for Pr = 2.0 and Ri = 2.0. The wide VIV lock-in region
was associated with tremendous fluid kinetic energy transfer
between fluid and structure, which is extremely meaningful
for hydropower harvesting. However, the fluid kinetic en-
ergy transfer could be significantly inhibited in the cases of
Pr > 2.0 and Ri = 2.0 too. It was further confirmed that the
maximum fluid kinetic energy transfer occurred at approxi-
mately φ = 90◦ for different combination of Pr and Ri values.
In contrast, the mean Nusselt number was found generally in-
sensitive to Richardson numbers and reduced velocity, albeit
high values of Nu were observed for VIV lock-in. In contrast,
Prandtl number primarily controls the heat transfer over cylin-
der’s surface. The maximum fluctuation of Nusselt number is
apparently amplified in the cases of Ri= 2.0 and VIV lock-in,
but it was still incapable of exciting the structural dynamics
during off lock-in, since the fluid kinetic energy transfer is
significantly inhibited.
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